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Optimal Policies for Investment with Time-Varying
Return Distributions

Doncho S. Donchev,' Svetlosar T. Rachev,!'? and Douglas G. Steigerwald'

We develop a model in which investors must learn the distribution of asset returns
over time. The process of learning is made more difficult by the fact that the
distributions are not constant through time. We consider risk-neutral investors
who have quadratic utility and are selecting between two risky assets. We
determine the time at which it is optimal to update the distribution estimate and
hence, alter portfolio weights. Our results deliver an optimal policy for asset
allocation, that is, the sequence of time intervals at which it is optimal to switch
between assets, based on stochastic optimal control theory. In addition, we
determine the time intervals in which asset switching leads to a loss with high
probability. We provide estimates of the effectiveness of the optimal policy.

KEY WORDS: asset allocation; optimal policy; stochastic control; two-armed
Bandit problem.

1. INTRODUCTION

Rational expectations has established a long tradition in economics. The
theory of rational expectations has two components: first, that individuals
maximize a specified function subject to constraints; and second, that the
constraints perceived by individuals are mutually consistent. In applica-
tions to portfolio selection in finance, the second component typically
means that the individuals know the underlying probability distributions
for asset returns. As Sargent (1993) describes, because individuals are
assumed to know the underlying distributions, modeling individual learn-
ing is not a central feature of a rational expectations equilibrium. Recently,
a literature has developed that moves away from rational expectations by
removing the second component. That is, individuals still maximize a
specified function, but they do so in the presence of uncertainty about the
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underlying probability distribution. To resolve the uncertainty, the indi-
viduals learn about the underlying distribution in much the same way that
the econometrician studying the problem does, by observing data and
revising estimates of the data generating process. Much is now known
about how agents learn in environments where the underlying distributions
are unchanging through time. We study learning in an environment in
which the underlying distributions are changing through time.

To study learning in a time-varying environment, we consider a risk-
neutral investor who is selecting between two risky assets. The underlying
distributions that generate the returns for the two assets change at unknown
points in time. The investor thus faces two sources of uncertainty: first, the
uncertainty about the distributions of the two assets in the first period; and
second, the uncertainty that results from the changes in the distributions
over time. Because the distributions change at unknown points in time, the
problem is more complicated than typically arises in standard models of
learning. We derive the optimal portfolio allocation strategy for the investor
based on stochastic optimal control theory.

To understand how stochastic optimal control theory relates to the
risk-neutral investor’s portfolio allocation problem, consider the following
model. Let the two assets be labeled asset 1 and asset 2 and assume that the
returns on the assets are independent. Rather than modeling the returns to
an asset directly, let the returns to an asset in a given period consist of the
sum of cash payments (or flows) that occur over the period. Each payment
in the cash flow stream is identical, both across time and assets, the variation
in returns is introduced through variation in the frequency with which cash
flows are paid. The cash flow stream for each of the assets is a Poisson
process. It is known that the intensity of the underlying Poisson process can
take on only two values, given by A > u, and that the process underlying
asset 1 has a different mean than the process underlying asset 2. Further, the
returns process of the two assets switches at random points in time unknown
to the investor. The points in time at which the mean cash flow from asset 1
switches between A and p are determined by a third independent Poisson
process that has intensity a. Thus the investor’s problem is dynamic; the
investor needs to determine which asset has the underlying Poisson process
with intensity A at a given moment in time.

By modeling the cash flows generated by each asset, we are able to link
directly to stochastic optimal control theory. The underlying data generat-
ing process for the cash flows corresponds to the two arms of the “two-
armed bandit” that is studied in the stochastic control literature. Because
the returns process switches at random points in time, the portfolio
allocation problem corresponds to the two-armed bandit problem with
unobserved switching between arms studied by Donchev (1995).
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We describe the investor’s problem with statistical hypotheses. The null
hypothesis is that asset 1 has the lower mean return, u, at a specific period.
We denote this hypothesis H;. At each moment in time the investor cal-
culates the probability that H, is true. In period 0 the investor begins with
one dollar and the a prior® probability x that H| is true. The investor’s plan,
or policy, consists of the investment allocation for each period. If we let the
random variable U, indicate the proportion of the dollar that is invested in
asset 1 in period ¢, then the investor’s policy is a random process 7 = {U,},»¢
where for each period ¢, the random variable 0 < U, < 1 depends only on
past observations of returns to the two assets. (We assume that the investor
observes returns from both assets at each point in time.) We let N;(¢) be the
number of cash payments that accrue to the investor from asset 1 over the
time span [0, ¢] and let N,(z) be defined analogously for asset 2.

The number of cash payments that accrue to an investor over the
period (0, T) is

T
/0 (dN1(1) + dANA(1)).

Because the number of cash payments is random, we work with the expected
number of cash payments. By construction, the maximum value of the
expected number of cash payments over the period (0,7) is AT. The
expected number of cash payments received by the investor depends both on
the policy w and on x, which is the initial probability that asset 2 is the
higher mean return asset. The expected difference between an investor’s cash
payments and the maximum number of cash payments, denoted v™(x), is

v”(x):Ef/ooo(le(t)+dN2(l)—Adt) <0, (1.1)

where E7 denotes the expectation constructed under policy m with a priori
probability x. (Presman and Sonin (1990) show that E7 is finite.) The policy
@ is optimal if

v?(x) = sup v™(x). (1.2)

The quantity v*(x) corresponding to the optimal policy is said to be a value
function of the problem. Let F, denote all observations on N (¢) and N,(t)
up to time ¢. The conditional, or a posteriori, probability that H; is true is
x; = P\(H,|F;), which depends on the a priori probability x.

*For notational simplicity, we fix the investment base at one dollar, that is the investor
consumes each cash payment as soon as it is received.
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In an interval of length 7, a Poisson process with mean cash flow A
generates AT cash payments on average. The parameter A is the jump rate of
the Poisson process, which is the expected number of cash payments (or
jumps) that accrue over one period. That is, if EdN,(t) = A dt, then A is the
jump rate for Ni(z). Because N;(¢) is the number of cash payments that flow
to the investor from asset 1, the jump rate for N;(¢) depends on both the
jump rate for the asset and on the investor’s perception about the quality of
asset 1. (Clearly, if the investor thinks asset 1 is inferior to asset 2 over the
entire interval and so invests nothing in asset 1, the jump rate for N(¢)
is zero even if the underlying asset actually generated cash flows.) The
investor’s conditional expectation of the jump rate for N(z) is
Ulux, + A(1 — x,)], where U, measures the proportion of the dollar invested
in asset 1 and x, is the investor’s conditional probability that asset 1 has
jump rate u. Similarly, the investor’s conditional expectation of the jump
rate for Ny(¢) is (1 — U,)[Ax; + (1l — x,)], so (1.1) is

00 = —E7 [ G-+ (- U -3l (1)

The investor’s decision problem is to choose 7 to maximize (1.3).
Because there are two sources of uncertainty for the investor, the initial
uncertainty about which asset has the higher expected return and the
additional uncertainty from the “‘switching” of the higher expected return
between assets, (1.3) is infinite for any reasonable policy. To ensure that the
decision problem is well defined, we introduce a discount factor 8 > 0 so
that the investor discounts future returns. The investor’s decision problem is
to choose 7 to maximize

v7(x) = —ET fo T U+ (1 - U1 = x))d. (1.4)

As we show below, to choose the optimal value of U,, the investor only
needs to know the a posteriori probability x,. Thus, the optimal policy is a
function ¢ : [0, 1] — [0, 1] that defines a correspondence between the values
of the a posteriori probabilities and the optimal values of {U,}. We let U, = 1
correspond to the decision to invest the entire dollar in asset 1, U, =0
correspond to the decision to invest the entire dollar in asset 2, and the
boundary case U, :% correspond to the decision to leave the entire dollar
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invested in the asset selected in the previous period. The optimal policy
function is of the form

1
o(x)) =10, x> (1.5)

Nl—
=
<
Il
Rl— BI— tol—

The intuition for the result is straightforward. Because the investor is risk
neutral, the investor chooses to maximize expected return without regard to
risk. As a result, the investor will always choose to invest completely in the
asset with the highest expected return, so the only relevant values for U, are
(0, %, 1). Because ¢( -) is a function only of x,, the a posteriori probability x;,
is a sufficient statistic for the optimal policy.

In Section 2 we describe the optimal policy that maximizes expected
discounted returns. In Section 3 we outline the proof of our main result,
namely the optimal policy for (1.4), and cite several results from Donchev
(1995) that characterize {x,}. (Complete proofs of all auxiliary results are
given in the appendices.) In Section 4 we consider the case u = 0. If © =0,
the problem is simplified in such a way that we obtain explicit formulas for
the discounted expected returns that correspond to the optimal policy. We
use the formulas to calculate the maximum average return per unit time.

2. DESCRIPTION OF OPTIMAL POLICY

Before presenting the formal proof of the optimal portfolio allocation
policy, we describe the results in a nontechnical way. The key to under-
standing the derivation of the optimal policy consists of two parts: first, that
the optimal policy depends only on the process {x;}, and second, that the
process {x,;} depends on the investor’s observations on cash flows. To specify
the investor’s observations on cash flows, let N *(¢), for i = 1, 2, be the flow
of cash payments from asset i. Note that N ¥(¢) is the flow of cash payments
generated by asset i, and so does not depend on the investor’s portfolio
allocation {U,}, while N(z) is the flow of cash payments generated by asset i
that accrue to the investor, and so does depend on the investor’s portfolio
allocation {U,}.

To capture the investors observations on cash flows we specify the
process

1+ [y N (s)ds

= N e @

2.1)
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which the investor is assumed to monitor. By construction S(0) =1. An
advantage of monitoring the ratio is that the investor needs to keep track of
only one process. Unfortunately, it is not easy to obtain solutions for such a
ratio if u > 0. To treat the case for which u > 0, we also derive results when
the investor must monitor two cash flow processes, defined as

Sit) = fOtNT(S)ds,
2.2)

sza):/oNz*(s)ds,

where S1(0) = S5(0) = 0. We also assume that in altering the portfolio allo-
cation the investor bears transaction costs. We begin at period 0 and study the
actions of an investor over the time interval [0, 7,]. Suppose that x € [0, 0.5],
so that the investor believes that it is more likely that asset 1 has the higher
mean return. Initially, the investor places the entire dollar in asset 1.

To relate the relative outcome of a given investment plan, v”(x), to the
underlying cash flow processes, we split the positive time axis into sequential
intervals. If the first interval represents a period in which asset 1 has the
higher intensity cash flow A, then the second interval represents a period in
which asset 2 has the higher intensity cash flow. The points in time at which
the mean cash flow from asset 1 switches between A and u are determined by
a third Poisson process, which is independent of both N(z) and N(¢), that
has intensity a. The length of any interval is random and is determined by
the arrivals from a Poisson process with intensity a.

To understand the investors portfolio allocation decisions, we present
the decisions confronted by the investor in each case. The technical results
that underpin the investors decision are presented in the next section. For
each of the following cases, we first assume that the initial condition
x €[0,0.5). (The case x € (0.5, 1.0] is symmetric as we show in (2.4). The
case x = 0.5 is different, and we describe it below.) We illustrate the optimal
strategy for each case by examining one trajectory.

Case 1. We begin with the case in which the investor monitors the ratio
of cash flows from the two assets given by (2.1), thus u = 0.

Suppose the process S(¢) stays below S(0) + &y over the interval [0, #4].
(Here, g9 = g9(A) > 0. We allow the value of the transaction costs to depend
on both time and the intensity A.)* Because the information from the

*Because the investor is monitoring the ratio, the value £y(1) must be chosen in such a way that
the value of ¢ for which the ratio first crosses the value S(0) 4 &y(A) is an exponential random
variable with mean 1/A.
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observed cash flows is not precise enough to overcome the transactions
costs, which are less than gy(A), the investor does not alter his portfolio. The
process x; increases continuously and approaches 0.5, because the value 0.5
corresponds to the belief that the assets are equally likely to have cash flows
generated by a Poisson process with intensity A. More precisely, as we derive
in Theorem 3.1, x, satisfies the following differential equation

x; = xx(1 = x;) 4+ a(l —2x;), (2.3)

where x; = dx,/dt. Recall that a > 0 is the rate at which the mean return of
the assets switches.

The process S(¢) goes above the level S(0) 4 g9(A) for the first time at
time 73 > t4. At the point 75 the existing observations indicate that asset 1 is
the better asset, so x; jumps instantaneously to 0, that is x,, = 0. At time 75
the bound for which the investor resets x; and so potentially alters portfolio
weights becomes S(75) + £5(1). If the value of S(¢) stays below S(z5) + e5())
over the period [, t¢], then the process x; again increases continuously and
approaches 0.5 according to (2.3). At the point ¢¢, the control x,. = %5. At
time /¢ the bound for which the investor resets x, becomes S(¢¢) + ec()).
The control remains at the value % as long as S(¢) remains within
[S(t¢) — ec(r), S(tc) + ec(A)]. If S(¢) goes above the level S(¢¢) + ec()) for
the first time at fp+, then x, jumps instantaneously to zero. If S(z) goes
below the level S(z¢) —ec(A) for the first time at 7p-, then x, jumps
instantaneously to one. If S(¢) remains above S(¢p-)— ep-(1), then x;
decreases continuously and approaches 0.5. Again from Theorem 3.1, x,
satisfies the following differential equation

x; = —ax(1 = x,)+a(l —2x,), (2.4)

with initial condition xp- = 1.0.

Our optimal policy suggests that if x, is in the interval [0, 0.5), then the
investor should allocate his entire portfolio to asset 1. If x, is in the interval
(0.5, 1], then the investor should allocate his entire portfolio to asset 2. If
x; = 0.5, then the investor’s decision is more complicated. With x; constant
at 0.5, the investor believes it equally likely that either asset is the high return
asset and so does not change his investment position.

The results in Section 3 reveal that under the optimal policy, the
investor allocates his portfolio to the high return asset at least half of the
time, on average. If A/a — oo then the average time that the investor

5Because the process x; approaches the value % continuously from below, the process cannot
exceed 1 without first equalling 1 .
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allocates his portfolio in the high return asset tends to 1. More precisely, if
AJa — oo then for

1
lim inf £ [—(Nl(t) + Nz(t))} =1+g
t—0 At

g — 0. An explicit expression for g = limg fvg(x), with vg(x) is the maxi-
mizer of (1.4), is contained in (4.3). In other words, if the underlying dis-
tributions of the assets switch rarely, then the investor almost always invests
in the high return asset.

Case 2. We now consider the general case in which u > 0, so the
investor monitors the two processes given by (2.2).

Over the interval [0, #4], the process S1(¢) stays below S;(0) 4 &9(A) and
the process S»(¢) stays below S»(0) + So(u). (The value of gy depends on
A because the initial value x indicates that the investor believes asset 1 has
cash flows with intensity A.) The process x; increases continuously and
approaches 0.5, because the value 0.5 corresponds to the belief that the
assets are equally likely to have cash flows generated by a Poisson process
with intensity A. More precisely, as we derive in Theorem 3.1, x;, satisfies the
following differential equation

x/ == wQU — Dx(l —x;) +a(l —2x,), 0<t=<ty4

with initial condition x € [0, 0.5).

The process S;(¢) goes above the level S;(0) + g¢(2) for the first time at
time tp > t4, while the process S»(¢) remains below S>(0) 4+ §o(u) over the
interval [z, tp]. (There is zero probability that both processes will leave
their respective intervals at precisely the same moment.) At the point 75 the
existing observations indicate that asset 1 is the better asset, so x, jumps
instantaneously to a lower level

WXy, _
=— — <X,
wx,, + Al — x,B)

XZB

where X, = limgy,, ;.

The process S>(t) goes above the level S>(0) + 8o(u) for the first time at
time ¢, while the process S;(z) remains below S;(0) 4 9(1) over the interval
[t4, tg]. At the point ¢ the existing observations indicate that asset 2 is the
better asset, so x; jumps instantaneously to a higher level

)\xl’B
axg +p(l—xp)’

x,B =
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The value of x,,, which depends on the value x;, falls into one of the
following ranges: x,, <, or x,, > 1. If x,, <1, then the investor continues
to invest his entire portfolio in asset 1. If, however, x;, > %, then the investor
switches his entire portfolio in asset 2 at time 7. Because it is possible that
w > 0, there is no explicit formula for 1 4+ g and the B-discounted total
reward, vg(x). However, we construct two-sided bounds for these quantities
(see Theorem 3.3).

3. FORMAL RESULTS

We begin this section with characterization of the process {x,}. For
notational ease, let N! = N (1), N} = Na(t), and & = (A — ). We assume
that A > u > 0.

Theorem 3.1. The process {x;} is piecewise-deterministic and its jump-
rate is equal to Uux; +A(1 — x.)] + (1 — Uy)[Ax; + u(1 — x;)]. The jump-
times ¢,, n > 1, of {x,} coincide with those of the process {NI1 + NIZ} and its
state immediately after the n-th jump forn =1,2,...1s

MXy,

ux; + Al — x;)
AXy,

Ax, 4 (1 — x;ﬂ)’

, if M

ty

—N-=1
(3.1)

Xy =

In every interval [¢,, t,41), n > 0, ty = 0, the sample paths of {x,} satisfy the
following first-order differential equation

xt/ = 8(2Uf — I)Xf(l - x,) +a(1 — )\.Xt)

(3.2)
xl‘” = Xn,
where xo = x and x,,, n > 1 are given by formula (3.1).
Proof. See Appendix 1. O

The next theorem contains our main result. We provide the optimal
policy, which is the policy that yields the value

vp(x) = max —EY /Ooo e PU x,+ (1= Up)(1 = x;)]dr. (3.3)
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Theorem 3.2. There exists a constant K > 0 that depends only on p and
such that for all ¢ > K the policy (1.5) maximizes (1.4). Moreover, the
function K = K(u) is non-decreasing and K(0) = 0.

We only sketch the proof of this theorem. Making use of Theorem 3.1
we define operators Li, L, and L acting on functions v € C'([0, 1]) by the
formulas

Liv(x) =[ex(1 — x) + a(l — 2x)]v'(x)

+ [px + (1 = X)] |:v (MJF‘;—ZCI_X)) — v(x)i| —x, (34

Lov(x) =[—ex(1 — x) + a(l — 2x)]v'(x)

+ [Ax + )1 — x)] [v(#&_ﬂ) - v(x):| —(1-x)

—Lio(1 - x), (3.5)

Lo(x, u) = uLjv(x) 4+ (1 — u)Lyv(x). (3.6)
Then, the Bellman equation corresponding to (3.3) turns into

rn['g)lc] Lo(x, u) = Bv(x). 3.7

Because the operator L is a linear function of u, (1.5) and (3.4) imply that in
order to prove Theorem 3.2 it suffices to find a function v € C'([0, 1]) that
satisfies the conditions

Lyv(x) = Bu(x), x> %, (3.8)
Lyv(x) < Bo(x), x>1, (3.9
v(x) = v(1 — x), x €[0,1]. (3.10)

Such a function should also satisfy (3.7) and it should be a value function of
the problem (3.3). Note that condition (3.9) implies that

v(1/2) = 0. (3.11)
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Condition (3.8) is a functional-differential equation for the unknown
function v(x). After introducing a logarithmic scale y = In(1 — x) — In x and
a new unknown function V(y)=wv(1/(1 4+ e”)) the expressions for the
operators L and L, take the following form

LiV(y) = — (e + 2sinh(p)a) V()

1 +ertr 1
T V) =Vl - (3.12)
Ly V(y) =(e — 2sinh(p)a)V'(y)
14+e777 eV
A V) =V =9l = 15 (3.13)

where sinh( y) is the hyperbolic sin of y and y = InA — In u. So, conditions
(3.8)-(3.11) turn into

LV(y)=BV(y).  y=0, (3.14)
Liv(y)=pV(».,  »=0, (3.15)
V(y) = V(=) (3.16)
V'(0) =0. (3.17)

Let us note that in view of (3.13) the equation (3.14) has a constant delay. It
is convenient to define a new unknown function f(y), y < 0, by the formula

S =0 +eHN(y). (3.18)

Substituting V(y) from (3.18) in (3.14) and utilizing (3.13) we obtain the
following equation for the function f( y):

plfO)—f(y=—pi+@+B—ae?)f(»+1
e — 2sinh(y)a '

S = (3.19)

As shown by Donchev (1995a, Thm 4.3 (see Appendix 3)) the general
solution of this equation on the negative half-line is

1 +B8/at+e™

SO = =45 T80

+ Kn(y), K = const, (3.20)
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where n(y) is a non-trivial solution of the corresponding homogeneous
equation, which has the value 1+ B/a+e™ +o(1) as y - —oo. To every
solution of Eq. (3.19) there corresponds a unique solution of Eq. (3.14).
Moreover, we are in a position to choose the constant K in (3.20) in such a
way that (3.17) holds. Taking an even continuation of function V( y) on the
positive half-line we can fulfill condition (3.16) as well. To complete the
proof of Theorem 3.2 it suffices to verify the inequality (3.15). The main
difficulty in the proof of this inequality is that the function n( y) in the right-
hand side of formula (3.20) cannot be represented in closed form. To
overcome the difficulty we obtain estimates which allow us to prove (3.14)
for all small enough w/a.

Let us set K= B~'(2+4 B/a)~" in (3.20) and denote by &(y) the corre-
sponding solution of Eq. (3.19). Since the function n(y) has the value
1+ B8/a+e™+o0(l) as y > —o0, it follows that £&(y) = o(1) as y — —o0.
Consider the functions

eV +xe) (M +x1e) = +1+(c+pB)/a)

d(y) = o (3.21)
- ~N—B nW—C _ (—y
D(y):e YA 4+ xe")7%(1 + x4 Z;/I (e™ +1+()»+/3)a)’ (3.22)
where
2
Xi2 = % + 1+ (%) (3.23)

are roots of the equation x> — (¢/a)x — 1 = 0 and the other constants are
equal to

1+ Bla+x C__1+,3/a+x]

b (3.24)
X1 — X2 X1 — X2
B:1+(M+ﬂ)/a+X2’ C:_1+(/¢L+ﬁ)/a+x1’ (3.25)
X1 — X2 X1 — X2
m=—(x, — xaYhe =P <2 +E> 4+ (1 +é), (3.26)
a a a a

M = —(x) — x2)°BC = (1 +“a+ﬂ> (1 +’\:ﬁ> _1 (3.27)
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The functions d(y) and D( y) satisfy the ordinary differential equations

_l—(ae™—a—p)d(y)

()= & — 2sinh(y)a ’ (3.28)
oy 1—(@e™—a—pn—p)D(y)
b= & — 2sinh(y)a ’ (3.29)
respectively, as well as the condition
lim d(y)= lim D(y)=0. (3.30)
y—>—00 y—>—00

The following theorem (Donchev (1995, Thm 3.1) allows us to prove an
inequality that is stronger than (3.15).

Theorem 3.3. If ©/a > 0 is small enough, then

0 <d(y) <& < D(y), (3.31)

0<d'(») <& <Dy, (3.32)

for all y < 0.

Proof. See Appendix 2.

All details of the proof of inequality (3.15) can be found in Donchev
(1995a). So, all conditions (3.8)—(3.10) hold true for the function
v(x) = V(In(1 — x)/x). This completes the proof of Theorem 3.2. O

The function v(x) = V(In(1 — x)/x) is the value function for (1.4). Note
that according to Theorem 3.3 both v(x) and its first derivative can be
estimated by means of the functions d(y) and D(y).

4. THE CASE =0

If u equals O then only one of the bandit’s arms yields a positive gain.
According to Theorem 3.2, if u = 0 then the policy (1.5) is an optimal policy
for every a > 0. Comparing formulas (3.21) and (3.22), we obtain that in this
case both functions d( ) and D( y) coincide. Hence, in view of Theorem 3.3,
each of these functions equals &(y). This allows us to find an explicit
expression for the value function v(x).
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Denote by g the maximum average income per unit time defined by the
formula

t
g=—sup lim ¢t 'E” /[U,x,+(1—U,)(1—x,)]dt. 4.1)
0

x 100

Theorem 4.1. If u = 0, then for any a > 0 the policy (1.5) is Blackwell
optimal (that is, it is uniformly optimal with respect to ) for the problem
(1.4). Moreover, the value function v(x) = vg(x) and the maximum average
income per unit time equal

Hug(x)

A+2
5[*’3

(e =222 1480 -

+a1{ x4+ x1(1 — )] [x + x2(1 — x)]2—1 — At 'B(l — )}

B if x % 42
N .
—B- [ + '3(1+xz)(1+x) +ﬂ][1+éx]
a a
+a ' [(1=x+x10) (1 —x+xx)"—1-— k:ﬁx],
if x <4
1 —(14+x1)/(x1—x2) 1 (I+x2)/(x1—x2) __ 1

_ (1+x2) (1+x1) ’ (4.3)

2(1 + x2)*(1+-‘~'|)/(x17x2)(1 + xl)(lJr-\'z)/(xl*Xz) -1

respectively, where the constant H in (4.2) is
A A+2 A
n=2(10+8) 4 (24 D) [amra s ny2EE 2L G
a a a a a

and b and ¢ are given by the expressions (3.24) and

2

A A
=—=,/1 = -
X1,2 2 +<2a)
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Proof. It follows from the paragraph preceding Theorem 4.1 and the
definition of &(y) that

_n(y)—1—-Bla—e™
U C Ry T

y=<0 (4.5)

d(y) being defined by (3.21). Hence, we get n(y) = B2+ B/a)d(y)
+1 4 B/a + e ™. Substituting this expression in (3.20) we obtain

-1
f(y):|:K—,Bl(2+'3> ]<1+’3+e}’)
a a
+KB2+ B/ayd(y),  y=0 (4.6)

and in view of (3.18)

-1
") :|:K—,81<2+§) }(1 +§. : +le_y

+ Kﬂ<2 + ﬁ) 4()

N——

y <0. (4.7)

all+e’ -

On the other hand, formula (3.21) implies

am _ n—b »—c¢
oo ) =1+ xe) (4w
A8 1
-1 , <0.
( + a l—i—e}’) r=

Hence, the expression (4.7) turns into

—1 1
s () (42 B2

) [(l +x2e) (14 x1eh)

1+e”

B 1
—11 <0.
< * a 1+e—y")]’ y=
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Because b+ c = —1, we rewrite vg(x) = V(In(l — x)/x) in the following

form
-1
nfeer el) oo 22

< {[x+x2(1 O (=

—1—’\:’3(1—;()}, x>1/2. 4.8)

We determine the unknown constant K from the condition (3.11). The
derivative of vg(x) is

-1
”;s(x)z—é [K—ﬂ”(?ﬂré) :|+5é<2+é>
a a ma a

« {A P <ﬁ+§x> L+ 11— 0P [x + a1 — x)]"}, x=1/2.

a o

Thus, condition (3.11) implies that

B\ m
K=p" (2 +Z> o (4.9)

H being given by (4.4).
Substituting (4.9) in (4.8) and taking into account condition (3.10) we
get (4.2). The Laurent expansion of vg(x) implies that

=i ).
g =lim Bop(x)

From the above limiting expression for g and the equalities (4.2) and (4.4)
we obtain (4.3). U

Comparing formulas (1.1), (4.1) and (1.4) we see that 1 + g is equal to
the average time the investor makes the right decision following the policy
(1.5). It is easy to verify that 1 4+ g is between % and 1. In fact, for any fixed
A>0

1
im(+g =1 lim(1+g=-.
a—0 a—00 2

The sense of these formulas is quite apparent. If the underlying intensity
switches rarely, then the investor is able to determine the high intensity asset
almost all the time. Conversely, if the underlying intensity switches too
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often, then the investor is unable to improve on a policy based on random
coin flipping.

5. PROOF OF THEOREM 3.1 (APPENDIX 1)

The theorem reduces the Poisson two-armed bandit problem, which is a
problem with incomplete information, to an equivalent problem for a
completely observed control process. Rigorous proof of the theorem
involves lengthy definitions of arbitrary history dependent policies. Proof of
the theorem can be accomplished with the martingale methods that are used
if there is no switching, Presman and Sonin (1990, Sections 1.7, 4.1, and 4.2),
which in our model corresponds to the case a = 0. Here we only sketch the
proof utilizing Bayes’ rule to reevaluate x, 4, for given x,, U; and obser-
vations on the interval [z, 7+ Af]. Following Bertsekas and Shreve (1978)
and Dynkin and Yushkevich (1979) we define a model M = {S, C, Z, k, r}
that consists of the following elements:

(1) The state space S ={l,2} consists of two elements. The state
s =1i,i=1,2, means that the hypothesis H; is true;

(2) The space of all admissible controls is C = [0, 1]. This is the state
space of the process {U,};

(3) The observation space Z = {0, 1,2}. We observe the state z =0 if
the process {N! + N?} has no jumps over the interval (z, 7+ Atr). If the
process {N!} ({N?}) has jumps over the interval (¢, ¢ + At), then we observe
the state z =1 (z = 2).

(4) The transition kernel ka,(-|s) is a measure on S depending on s € S
which we define as follows

ka11) = kai(212) = 1 — aAr,
kai(112) = ka(2I1) = aA;

(5) The observation kernel rx,(-|s, u) is a conditional probability on Z
depending on (s, u) € S x C. We set

rAI(1|1a u) = /LMAI, VAI(2|1a u) = )\'(1 - M)At,
ra(112, u) = AuAt, ra(2|12, u) = p(l — u)At,
rai01,u) =1 —[uu+ A(1 —u)]At =1 — (A — su)At,

rai012,u) =1 — [Au+ w(l —u)]At =1 — (u + eu)At,
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where in the formulas for k and r the lower index denotes the length of the
time interval.

We apply the well known filtration algorithm to the model M. The
algorithm is used to calculate the a priori and a posteriori probabilities of the
states of space S in sequential time intervals. It follows from the definition of
the process x, = PJ{H,|F,}, that its value at time ¢ is equal to the a posteriori
probability of the state 1 € S. Denote by p, the a priori probability of this
state and assume that in the interval (s, t + At), s < ¢, At > 0, the control
U, is used. Since we shall pass to a limit as s 1 fand A¢ | 0 the assumption is
not restrictive. Then, the filtration equations take the following form

Pirnr = kar—s(11)x5 4+ karp—s(12)(1 — xy)

=[1l —a(At+t — 8)]x; + a(At+t — 5)(1 — xy), (5.1

Xepa:(2)
_ Faii—s (211, U piyas
Farti—sCIL UDpiar + rar—s(z12, U = pryar)’

ze”Z. (5.2

If 1 = 1, is a jump-time of the process {N/}, i = 1, 2, then we observe jumps
of the process in every interval (s,¢+ At), s <t, At> 0. Setting z =i,
i=1,2, in (5.2), from (5.1), the definitions of ra.,(i|l, U,;) and
rar—s(i12, Uy), and passing to a limit first as s 4 ¢ and after that as Az | 0
we get (3.1). If 7 is not a jump-time of the process {N! + N2} then taking At
small enough and s sufficiently close to ¢, then no jumps of the process will
be observed in (s, £ + At). Therefore, in the case z = 0, Eq. (5.2) becomes

XAt

[1— O — ew)(Al + 1 = )lpreas
(1= o — (Al + 1 — prrar + 1 — (i + (Al + 1 — (T — prear)

Substituting p;ia, from (5.1) in the last formula, multiplying by the
denominator of the expression in the right-hand side and passing to a limit
as s 1t we get

Xepar — X; =ALAMXpar — X7 ) — QU — DxiparX;
—e(l = Uxipar +eUx; +a(l = 2x;7)] + o(At).
The limit as At | 0 of the expression in the brackets exists and equals

AMx,—x)—eQU, — Dxix; —e(1 = Up)x, +eUx; +a(l —2x;7).  (5.3)
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Thus lima, 0 (x+a; — X;)/At exists. Hence, we obtain that x, = x;. From
this fact and (5.3) we deduce that the right derivative of x, at point ¢ exists
and equals the expression in the right-hand side of formula (3.2). Repeating
the same considerations for the interval (s, #) we see that the left derivative
of x, exists and that the two derivatives coincide. Finally, if At | 0 then the
probability that N! (N?) jumps in the interval (1, 1 + At) is equal to

Ullpx,+ M1 —ax,)]At 4+ o(At)(1 — Up)[rx; + u(l — x;)]At 4+ o(At)).

Therefore, U, [ux, + A(1 — ax,)] + (1 — U,)[Ax; + u(1 — x,)] is the jump rate
of both {x,} and {N! + N2}. 0

6. PROOF OF THEOREM 3.3. (APPENDIX 2)

We precede the proof of this theorem with four lemmas.

Lemma 6.1. The following inequalities hold

(k + x2u) Pk + x1u)™ > k + (1 +“a"3>u, 6.1)
(k + x20)" " (k + xu) ™ > k — (1 + g)u (6.2)
(k + x2u) Bk + xyu)™C > k + (1 + A%B) u, (6.3)
(k + x2u)® (ke + x0T > k — (1 +“;”3)u, (6.4)

where 0 < u < x1k, k>0, and xy, x3, b, ¢, B, C, being defined by (3.23)-
(3.27).

Proof. Consider the functions

G1(u) = (k + xqu) P (k + 1) — k = (1 +A:ﬂ>u,

Gau) = (k + x210)" (k + x) T~k + <1 +£ : ﬂ)u.
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Calculations show that

Py

Bxy+Cx; =—-1-— P (6.5)
bxz—i—cx]:—l—gzﬁ. (6.6)
From the identities x;x; = —1, x| + x5 = ¢/a, as well as (6.5) we get

s

G (u) = (k + xau) 5 (k + xlu)“[ <1 +#) ui| R : p

G (1) = ME*(k + xo0u) 572 (k + x1u)~ 2,

G;(u)z—(k+xzu)3(k+x1u)c[ <1+“+’3> }+1+“:’3

G j(u) = MI*(k + xu)® ' (k + x) .

Since B+ C = —1 it is easy to see that G1(0) = G(0) = G»(0) = G4(0) =0,
whereas both G{(u) and G/(u) are positive. Th1s implies that G(u) > 0,
G>(u) > 0, which proves both (6.3) and (6.4). Repeating the same argument
for the functions

21(0) = (k + o)k + x1)™ — Je - (1 _ 8:ﬂ>u’

g2(u) = (k4 3ok + x1) + (1 + g)u k,

we get (6.1) and (6.2). O

Lemma 6.2. Both functions d(y) and D(y) are increasing and convex
provided y < In x;.

Proof. Since the proof is similar for the two functions we shall prove

the claim of the lemma only for the function d(y). Calculating the first
derivative of d(y) we obtain

amed'(5) =+ x| (14 8)er 214

Making the substitution u = ¢” and applying (6.2) we get d’(y) > 0, which
proves the first claim of the lemma. Since d(y) satisfies condition (3.29) we
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deduce that d(y) > 0. Moreover, d(y) is a solution of Eq. (3.27). Hence, its
second derivative is equal to

" _ 1—(516’7}’—0—/3)0'(}/) '
d (y)-( e — 2asinh y
_aeTd()+@e +a+ Hd') 67
B ¢ — 2asinh y ' '
Therefore, the function d(Y') is convex. O

The next lemma plays a central role in the proof of Theorem 3.1.

Lemma 6.3. The functions d(y) and D(y) satisfy the inequalities

(@e™ —p—a—Pd(y) +ud(y—y) > (@e™ - p—a—HD(y). (6.8)

(@ae™ —p—a—-PD(y)+uD(y—y) <(ae” —a—pd(y).  (69)
for all y < Inx;.
Proof. The inequality (6.8) can be rewritten in the form
(ae™ —p—a—=PID(y) —d(y)] < pd(y =) (6.10)

Making elementary calculations we get that the left-hand side of the last
inequality is equal to

ey(e—" -1 —M+'B)
a

x [M~'R(e”, =B, —C) —m~'R(e”, —b, —¢)]

F (' = MY e PR’ 1,1) - - (e—y +1+5T ’3), (6.11)
am a

where R(u, o, B) = (1 + x2u)*(1 + x1u)°.
Similarly, we can transform the right-hand side of (6.8) into

: . A ,
el e+ x2e) P4 x1et) = eV — el <1 +8+'3>. (6.12)
am am am a
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From (6.11), (6.12), the identities b + ¢ = B+ C = —1, and the easily veri-
fied equality

e VR’ 1,1)=(1 + x; e}’)|:e T+ (x1—x)B—1- MT-’_'B:|

we see that (6.10) is equivalent to

(e =1 =) m ey miSte - MSte )+ —m

Mm

X1 —XxX2) (M —m X e

Lp M) e

Mm am

—b —c
A , A
<M<—|—xze}') (—}—xley) , (6.13)

am \ w

where S(u) = R(u, —1,1) = (1 + xju)/(1 + xyu).
It is convenient to introduce new variables u € [0, In x;) and v € [0, 00)
defined by

u=-e’,v=1InS(”) =InS).

Then
! X C+ Be?
S =eter—1-FFP_ (o )BT
a eV —1
: e’
l+x1e? = —x)———.
X1 —XxpeVv
Let

B b C b TBC be

T(v):<er Cehv eCu_Eew 1 1)

We rewrite the left-hand side of (6.13) in terms of v as

v

e
(e” = D(x1 —x2e”)

&
T(v) +—.
am

If we set u = e” in the right-hand side of (6.13) we get

i) Gorsm)”
— | — 4+ xu —+ xXju .
am \ ;o w
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From (6.1) with k = A/, we bound the above expression from below by

i[1+<1+8+ﬂ>u}+i.
am a am

To verify (6.8) it is sufficient to prove the inequality

7 e+ p e’
%[1%-(1%- P )u:|>(e”—l)(x1—xze”)T(U)

(I +xpu)(1 + xou)
a (x1 — x2)2u

T(v),

or equivalently

ol + (1 +e/a+ Blay]

-2
A+ an(ton &7 T (6.14)

The derivatives of the left-hand side and right-hand side with respect to u are
equal to

" { u(l +-efa+pla)  [1+ (1 +e/a+ p/ayul(’ + 1)}
am (1 + xu)(1 + xu) (1+ xlu)z(l + xzu)2

and

-1 (B B )
e - <_ ebv _ er)U/(u) — (_ ehv _ eBl/) u >,
(x1 — x2)* \b b (1 + x1u)(1 4+ xou)

respectively. Since, if u = 0, both sides of (6.14) are equal to zero, then it is
enough to verify that the derivative of the left-hand side is greater than the
derivative of the right-hand side. Multiplying both derivatives by
u'(1 4+ x1u)(1 + xou)> we obtain the inequality

—1
Beb”—eB”<M{(1+8+ﬂ)(1+x2u)+|:1+<1+8+ﬂ>u:|u+u }
am a

a 1+ xu

_ o 1+2(1+e/a+ p/aju+[1 + (e/a)(l +e/a+ B/a)lu’
" am u(l + xyu) '
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The left-hand side of the last inequality is a decreasing function of both v
and u. The derivative of the right-hand side equals

wo [(x; —x2)(1 +¢e/a+ B/a) — 1Ju* + 2xju + 1

am w (1 + xqu)

Calculating the discriminant of the numerator of the last expression we
obtain 1 — x; 4+ x» +x§ < 0. Therefore, the right-hand side of the last
inequality is also a decreasing function of u, which reaches a minimum value
of B/b — 1 at the point u = x;. However, the value B/b — 1 also equals the
maximum value of the right-hand side reached for v = 0, that is xju = xu.
This completes the proof of inequality (6.8). The proof of inequality (6.9) is
similar and we omit it. O

Corollary 6.4. The function D(y) — d(y), y <0, is increasing.

Proof. It follows from inequality (6.8) and Lemma 6.2 that
(ae™ —a—Pd(y)>(ae™ —p—a—Pd(y)+upd(y—y)
>(ae™ —pu—a—pPD(y).

Since d(y) and D(y) are solutions of (3.27) and (3.28), respectively, the last
inequality implies that D'(y) > d’(y). In particular, in view of condition
(3.29) we have D(y) > d(y) for all y < Inx;. O

Lemma 6.5. If ;1/a is small enough, then there exists a constant K such
that d(y) <&(y) < D(y) for all y < K.

Proof. Lemma 6.2 implies that d(y) —d(y —y) > 0 for all y < Inx.
Because d( y) satisfies (3.27) we obtain the following inequality

(ae™ —a—P)d(y)+ puld(y) —d(y —y)]

/ 1 —
() < & —2asinh y

. (6.15)

Similarly, because the function D(y) is positive and satisfies (3.28) we get

Il —(ae™ —a— B)D(y)+ ulD(y) — D(y — y)]

D'(y) > e —Dasinhy . (6.16)
On the other hand, the derivative &( y) satisfies the equation
oy L= (@e™ —a— PEY) + pls(y) — (v -
£/(y) = 1= PEW) + nlE(y) — &y — I 6.17)

& —2asinhy
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We set ¢1(y) = &(y) — D(p), &(y) =d(y) —&(p). It follows from (6.15),
(6.16) and (6.17) that

- wlgi(y) —a(y —pl+(a+B—ae)(y)

£1(9) & —2asinhy

(6.18)

plo(y) =y =l+@+p—ae)5(y)
& —2asinhy '

¢5(y) < (6.19)

Moreover, since both d( y) and D( y) as well as &( y) tend to zero as y — —o0
it follows that

Jim () = lim_&(y) =0. (6.20)

We need to prove that there exists a constant K such that ¢;(y) <0 and
&(y) <0 for all y < K. Assume the contrary. Then, without loss of gen-
erality we may suppose that for every K there exists y < K such that
Z1(y) > 0. Let us choose the number y; so that the following conditions hold

) <—1n<1+“1'ﬂ), (6.21)
4 dt 1

/, &—2asinh(r) 21’ 6.22)

() =38>0. (6.23)

Both functions d(y) and D(y) coincide provided u/a = 0. Moreover, the
function D(y) — d(y) is continuous with respect to u/a and because it is
positive, it follows that it increases in u/a provided w/a is small enough.
Combining these facts with Corollary 3.1 we obtain that

sup[D(y) —d(y)] <34, (6.24)

y<n

for all sufficiently small u/a.
Let z; be the largest number less than y; and such that ¢(z;) = 0. If
such a number does not exist we set z; = co. Then, in view of (6.23), the
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function ¢;(y) will be positive in the interval (z1, y;). Integrating (6.18) from
z1 to y; and taking into account (6.21) and (6.23) we get

§=20(y1)

T a—y) /y‘pt—l-a—i-ﬂ—ae"
B M/;l 8—2asinh(t)d[+ ., &—2asinh(r) ¢i(t)de

- —/L/yl at—vy)
., &— 2asinh(t)

Y i R—
& —2asinh(t+y)

o=y

The last inequality and (6.22) imply that there exists a number
zy € [z1 — ¥, y1 — y] such that ¢;(y2) < —26. Therefore, utilizing (6.24) and
the identity D(y2) —d(y2) = —&1(y2) — &2(y2) we obtain that & (y2) > 4.
Obviously, conditions (6.21) and (6.22) hold for y, as well. Now, we are in a
position to apply to y, and ¢, the same considerations as those for y; and ¢;.
Denoting by z, the largest number z, < y, such that £ (z2) = 0, integrating
(6.19) from z, to y, and utilizing (6.21) we get

y2Ty o(1)
§ <y < _“/ & —2asinh(t +y)

o=y
Thus, it follows from (6.22) that there exists y; € [zo — y, y» — ¥] such that
&(y3) < =26, whereas in view of (6.24) and the identity D(y3) — d(y3) =
—21(y3) — &2(y3) we conclude that ¢;(y3) > §. Repeating this procedure, we

can construct a sequence {ya+1}, u > 0, such that lim,_, o y2u41 = —00, and
at the same time ¢;(y2,41) > 8 for all u > 0. However, this contradicts
(6.20). O

Proof of Theorem 3.3. It follows from Lemma 6.2 and condition (3.30)
that d(y) > 0 and d’(y) > 0. Let K be a constant for which the claim of
Lemma 6.5 holds and o be an arbitrary number such that o < K. Without
loss of generality we assume that o < —In(1 + w/a+ B/a). Then, ae ™ —
a—pu—pB>0and Lemmas 6.3 and 6.5 imply that

(@e™ —a—p—PD() < @e™ —a—p—Hd(y) + pd(y — )

<(ae™ —a—pn—PEy) +u&(y—y), (6.25)

(ae™ —a—pyd(y)>(ae™ —a—pu—p)D(y)+puD(y —y)

>(ae™ —a—p—PEY) + us(y —y). (6.26)
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Since the functions d(y), D(y) and &( y) satisfy Egs. (3.27), (3.28) and (6.17),
respectively, it follows from (6.25) and (6.26) that inequality (3.31) holds
provided y < o. Hence, the inequality (3.31) is fulfilled for some interval
(0,0 4+ 0p). Making use of (6.25) and (6.26) we get the inequality (3.32) in
this interval as well. Repeating these considerations we can prove the claim
of the theorem in the interval J[o,—In(1+ u/a+ B/a)]. If
y>—In(1 4+ pu/a+ /o), then ae ™ — u—a— B <0 and both (6.25) and
(6.26) cannot be used to prove the inequalities (3.31) and (3.32). However,
since the last inequalities hold at the point y = —In(1 + u/a + B/a) it fol-
lows from the continuity of the functions d( y), D(y) and &( y) that they will
be fulfilled also up to the point y = —In(1 + B8/a) provided w/a is small
enough. On the other hand, if y > —In(1 + B/a) then we use the following
inequalities in place of (6.25) and (6.26)

(ae™ —p—a—=PD(y) <(ae™ —p—a— P& +ué(y—vy)
(ae™ —a—P)d(y) > (ae™ —a— P&(y) + ulé(y) — &y — y)l.
These inequalities follow from (3.31) and (3.32) and they allow us to apply
the same method in the interval (—In(1+ B/a),0) as for the interval

[0, —In(1 + p/a + B/a)]. Finally, since o is chosen arbitrarily, it follows that
the inequality (3.31) is satisfied on the whole negative half-time. O

7. SOLUTION OF EQUATION (3.18) (APPENDIX 3)

We consider the following system of functional-differential equations.
If t > 0, then

f1(t) =(e —2asinh )™
x ML) =N =)+ (a+B—ae’) fi()+1),  (7.1)
if 1 <0, then

f5(t) =(e —2asinh¢)™!
xAAul o) =fot =+ (@+B—ae™) o)+ 1}, (7.2)

and

fl(t) = @t‘fz(l‘), € [_)/9 0]’ (73)
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where u, A, &, B, y, a are positive constants such that
A >, e=A—u, y=InA—Inpu. (7.4)

Equation (7.2) is in fact Eq. (3.19) whose solution is (3.20) as we shall show
later in the Appendix (see Theorem 7.7). The system (7.1)—(7.3) appears in
the form of a Bellman equation for the value function of the problem of
optimal detection of the jump times of a Poisson process, see Donchev
(1995b). It follows by dynamic programming reasoning that the system
(7.1)—(7.3) has a unique solution that coincides with the value function of
the optimal detection problem. From the theory of functional-differential
equations, existence and uniqueness results for (7.1)—(7.3) are difficult to
obtain. In particular, if we try to solve (7.1)-(7.3) there are at least two
difficulties to overcome. The first is the singularity that (7.1) has at the point

t=In(e/2a+/1+ (¢/2a)?) and the second is the delaying argument of (7.2)
on the negative half-line.

We first examine (7.2). To do so, we consider the corresponding
homogeneous equation

n'(t) =(e — 2asinh )™
X {uln(t) =n(t =l+@+p—ae ), t=<0. (7.9
We shall show that Eq. (7.5) has a non-trivial solution on the negative half-
line. The next theorem contains preliminary information about the
asymptotic behavior of the solution.
Theorem 7.1. (i) Every solution of (7.5) satisfies

n(t)=C(1+Bla+e™")+ o(1), (7.6)

as t - —oo, where C is a constant. (ii) If Eq. (7.2) has a solution then the
solution has the same asymptotic behavior as (7.6).

Proof. We consider the equation

[—ex(1 — x) + a(l = 2x)]v'(x) + [Ax + (1 — x)]

AX
| Gi=) ] o -

=Bo(x),  xell/2,1]. (1.7)
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As shown by Donchev and Yushkevich (1997), if we introduce a logarithmic
scale r = In(1 — x) — In x, the function U(r) = v((1 + e’)™"), and define

Ht) =1 +e HUO), (7.8)

then (7.7) equals (7.2) with y =1InA —Inu. Moreover, in this case the
homogeneous equation corresponding to (7.2) is the same as (7.5). Thus, if
(7.2) (respectively (7.5)) has a solution then (7.7) (respectively the homo-
geneous equation corresponding to (7.7)) has a solution as well.

Let f>(t) be a solution of (7.2) and consider the corresponding
function wv(x). Applying the Lagrange formula to the difference
v(Ax/ (Ax 4+ u(1 — x))) — v(x) on the left-hand side of (7.7) we obtain

AX
U(kx Tl = x)> o)

o ex(1 —x) AX
VO Ty forée [’“m]

Substituting this expression in (7.7) we get
—(1 = x) + ex(1 — X)[V' (&) — V'(x)] + a(l — 2x)v'(x) = Bov(x). (7.9)

Solving (7.7) with respect to v'(x) and taking into consideration the fact that
a > 0 and v(x) is a continuously differentiable function, we deduce that v(x)
has a smooth second derivative in a neighborhood of the point x = 1.
Therefore, we apply the Lagrange formula once again to the difference
v'(§) — v/(x), which appears in the second term of (7.9). So, we obtain

a(l = 2x)'(x) = u(x) + 1 — x + O((1 — x)?), as x — 1. (7.10)

We now use the logarithmic scale 1 = In(1 — x) — Inx and U(¢). Then
(7.10) takes the following form

2aU'(t)sinht = — BU(t) — (1 +e¢~")7!

+0((1+e™ )7, as t — —oo. (7.11)
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The solution of the last equation is

B B (" du
Utr) =exp <_ 2a /_oo sinh u)

" exp(B/2a [ ds/sinhs)
x [Cl _/,oo 2a( +o-ysinhu Y

t u
’8 ds —u\—2 du
+ f_oo exP(Za f_oo sinh s Ol +e™) )sinhu
e~ —1 —B/2a t (B/2a)—1
:<7> I:C1 + a—l / (6 —u __ 1) (8 U 1)—(ﬂ/2a)—2e—u du

e ' +1
L e ot e )
+/—oo<e‘“+1> @ — )" +1) du|, (7.12)

C,= lim U(1), t — —00.
[——00

The first integral in (7.12) equals

e ' —1

B/2a
ﬁ“(2+ﬁ/a)"{1 - (m) [1+ (B/a)(1 +e—’)“]}.

In view of the inequalities

1 1 2
¢ <1 and <
e 441 e t—1 e u41

which hold for u < 0 the second integral can be written as
t
/ (I+e™720((0 +e ™) Dd(1+e™) =01 +e 7).

Substituting these expressions in (7.12) we obtain the following asymptotic
formula for U(¢)

Ult)=Cat)+ o) +0(1+e ™)), - —oo, (7.13)
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where
e~ — 1 —B/2a
Q) = <e—’+1) ,
1+ @Blalte )
S PR
and

C=C+p'Q+p/a)".

Applying Newton’s formula to ¢;(¢) we get

e~ —1 —B/2a
a(r)= (e—f—i—l>

2 —B/2a
=11-
(1)

=14+ B/a)1+e ) +o((l+e ), t—> —oco. (7.14)

It follows from (7.13) and (7.14) that
Ut)y=Ci[1 +(B/a)1 +e ) N+ o+, t—> —oo. (7.15)

Note that ¢;(¢) is a solution of the homogeneous equation corresponding to
(7.11). This homogeneous equation arises from (7.5) and the homogeneous
equation corresponding to (7.7). Now both claims of the theorem follow
from (7.8), (7.14), (7.15) and the remark after formula (7.8). O

As follows from (7.15), 2(¢) plays an important role in (7.13). Namely,
it ensures that C; = lim,, o, U(z) holds in (7.15). It is remarkable that
f(t) =1+ e ")(r) is a global solution (that is, a solution on the entire
real line) of (7.2).

Theorem 7.2. The functions

1+B/a+e’

hH@) =— 50+ fa) (7.16)
, __l—i—ﬁ/a—}—e’[
f(t) = T (7.17)

are global solutions of Egs. (7.1) and (7.2), respectively.
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Proof. To prove the theorem it is enough to substitute fi(¢) and f>(¢)
from (7.16) and (7.17) into (7.1) and (7.2). O

Note that the functions from (7.16) and (7.17) (which are the equations
displayed in Theorem 7.2) do not satisfy the system (7.1)—(7.3) because (7.3)
is not fulfilled. On the other hand, we could multiply the right-hand side of
(7.17) by e’ and try to solve Eq. (7.1) on (—oo, 0] with an initial condition
—(1+ {4+ B/a)e")/BQ2 + B/a) given on [—y, 0]. However, in this case we
will not be able to escape the singularity that (7.1) has at the point
t=In(e/2a+/1+ (¢/2a)*). To overcome these difficulties we need full
characterization of the set of all solutions of Eq. (7.2) on the negative half-
line.

Denote by V(t,s) and U(t, s) the fundamental functions of Egs. (7.1)
and (7.2), respectively. So, for any fixed s, V(¢, ) (respectively U(t,s)) is a
solution of the homogeneous equation corresponding to (7.1) (respectively
(7.2)) with an initial condition given on [s — y, s] by the formula ¢(¢) = 0 if
s—y<t<s and ¢(t)=1 if t=s. Then V(s s)=U(s,s)=1 and
V(t,s) = U(t,s) =0 for t <s. If 0 <t—5 <y then in order to calculate
V(t, s) (respectively U(t, s)) one has to solve the following ordinary dif-
ferential equation: f'(t) = (¢ — 2asinh )™ (A +a+ B —ae’) f(¢) (respec-
tively f/(1) = (¢ — 2asinh 1) " (w+a+ B —ae ") f(t)), s <t <s+ 7y, with
an initial condition f(s) = 1. Solving these equations we obtain the fol-
lowing expressions for the functions V(z, s) and U(t, s)

14+ xe5\" /14 x;e5\¢
Ve, s) = 7.18
(&) <1+xze’) <1+x1e’ ’ (7.18)
14+ xe\ (14 x;e5\¢
=t 1
Ult,s)=e <l+xze’) (1+xle’)’ (7.19)

where x1,=¢/2a£,/1+ (¢/2a)* are the roots of the equation x*—
(e/a)x —1 =0,

_1+(M+,3)/Q+X2
- X| — X2 ’ X] — X2

_ I+w+p/atx

b (7.20)

It is easy to verify that b > 0 and the identity b + ¢ = —1 holds. It follows
from (7.18) and (7.19) that

Ut,s) =e* V1, s), S<t<s+y. (7.21)

Since U(t, s) = V(t,s) = 0if t < s, (7.21) is obviously fulfilled for all 7 < s. If
t > s+ y then the formulas for V(¢,5) and U(z, s) are more complicated.
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Nevertheless, it turns out that (7.21) holds in this case as well. Consider the
equations

['(t) = (e = 2asinh ) " ALA(1) = (1 = )]+ (a+ B—ae) f(1)}, (7.22)

['(0) = (e = 2asinh ) ul (1) = [t =Y+ @+ B—ae™) f(1)} (7.23)

and denote by fi(o, ¢)(t) (respectively f2(o, ¢)(t)), 0 € R, ¢ € C([o — y, o)),
the solution of (7.22) (respectively (7.23)) on [0, oo) with an initial condition

®.

Theorem 7.3.
(1) For every real o and ¢ € C([o — y, o])

filo, e Vo)1) =e'falo, p)(1), 1= o0. (7.24)
(i1)) The identity (7.21) is fulfilled for all real ¢ and s.

Proof. From Hale (1977, Thm 6.3.2) we obtain the following repre-
sentation for the functions fi(o, e g)(¢) and f>(o, p)(t) for t > o

Sa(o, @)(1) =U(t, 0)p(o)
—u /g @(s5)U(t, s + y)[e — 2asinh(s + y)]~" ds, (7.25)
oy
filo, eVp)(1) =Vt 0)e “9(o)

—A /6 o(s) e V(t, s + y)[e — 2asinh(s + )]~ ds. (7.26)

o=y

First, we shall prove claim (i) in the case of 0 <t <o+ y. Since t < 5+ 2y
for all s € [0 — y, o] one can apply (7.21) to both V(¢,0) and V(¢, s+ y) in
the right-hand side of (7.26). Making simple calculations we get (7.24). Now,
we are in a position to prove (ii). Let us fix s and divide the interval [s, co0)
into segments of length y :[s,00) =J,-o[s +ny, s+ (m+ 1)y). We shall
prove by induction that (7.21) holds in every segment [s+
ny,s+m+1)y),n=0,1,.... For n = 0 the claim has already been proved.
Assuming that (ii) holds true for ¢ € [s + ky, s + (kK + 1)y) and some integer
k > 0 we shall prove that (7.21) is satisfied in the next segment as well.
Indeed, to find the functions V(¢, s) and U(z, s) on [s + (k + 1)y, s + (k + 2)y)
one must solve Egs. (7.22) and (7.23), respectively, taking as initial condi-
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tions the already calculated values of these functions on
[s + ky, s+ (k + 1)y). According to the induction hypothesis, (7.21) holds
on [s+ky,s+(k+1)y). Applying (1) with oc=s+(k+ 1)y, ¢(-)=
eU(-,s)and t € [s + (kK + 1)y, s + (k + 2)y) we get the claim forn = k + 1.
Thus, (ii) is proved.

In order to prove (7.24) for 0 <t < 0 4+ y we have used only formula
(7.21) with ¢t — s < y. Since, according to (ii) the last formula holds for all ¢
and s it follows that (7.24) is fulfilled for all 1 > o. O

Consider the following domain in the plane

(s,t):D=A{(s,t): s <t =<0}

Theorem 7.4. The function U(t, s) is continuous and bounded in D.

Proof. The coefficients of Eq. (7.23) are bounded continuous functions
provided ¢ < 0. For any fixed s < 0, the function U(¢, s) is given by formula
(7.19) if s <t < s+ y and U(t, s) satisfies (7.23) with an initial condition
Sory(-) = Ugpy (-, 5) if £ > 5+ y. Here, as it is generally assumed in the
theory of functional-differential equations, for any fe C(s, f]},t > s+ y
and 7 €[s+y, 1, f;(-) denotes a function belonging to C([—y, 0]) which
is defined by f.(0) =f(t+86),60€[—y,0]. In view of (7.19), since s+
y 46 € [s, s+ y] provided 6 € [—y, 0] it follows that

UY+V(9’ S)

1 K} b 1 K} 4
:e—ﬁ—y( tXe >( TX1€ ) 0el—y,0]. (7.27)

1 + X es+y+9 1 + X1 es+y+9

The last function is continuous in both 6 and s if 6 € [-y,0] and
s < —y. Being a solution of (7.23) with the continuous initial condition
(7.27), U(t, s) is continuous with respect to ¢ if £ > s+ y. The continuity of
U(t, s) for t € [s, s + y] follows from (7.19). It remains to prove that U(z, s) is
continuous with respect to s for every fixed r < 0. The case s > t — y holds
by inspection. The proofis not trivial if s < # — y. Let s < t — y and {s,,} be a
sequence converging to s. Then, because of the continuity of (7.27) with
respect to both 6 and s, the corresponding sequence of initial conditions
{Us,+y(-, 5,)} will converge uniformly to Uy, (-, s). Thus, the continuity of
U(t, s) in s follows from the theorem for the continuous dependence of the
solutions of functional differential equations on the initial data, (Hale (1977,
Thm 2.2.2).
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In order to prove the second claim of the theorem let us rewrite (7.23) in
the form

(1) =—A@) f(t) = B(t) f(t = ). (7.28)

where A(1) = (¢ — 2asinht)(ae " —a— . — B), B(t) = u(e — 2asinh 7)™
and set « = —In(1 + (B + 2u)/a). It is easy to see that the coefficient A(¢) is
a decreasing function of ¢, for # < 0, whereas B(¢) is an increasing function
of ¢, and for t < « the inequality B(¢) < A(¢) holds.

Consider the following domains in the plane (s, ¢)

D ={(s,t)eD:s<t=<ua}
Dy ={(s,t)eD:t>s>a},
Di={(s,t)eD:t>as<a}l

Obviously, D = D, U D, U D5 and it is enough to prove the claim in each of
domains Dy, D,, and Ds3. Since D, is a compact set and U(t, s) is a con-
tinuous function the proof is trivial in D,.

For D; consider the following subdomains of D;:Dj={(s, )¢
Dy :t<a—1/n},n=1,2,.... Since the closure of the set | J,., D} coin-
cides with Dy it follows from the continuity of U(t, s) that it is sufficient to
prove its boundedness in each of domains DY, n=1,2,.... If t<a—1/n
then A(1) > A(x — 1/n), and sup,.,_y,, |B(1)| < Bla — 1/n) < A(a — 1/n)
and therefore, according to Hale (1977, Eq. (5.9.2)), the trivial solution of
(7.28) is uniformly stable for ¢ <a — 1/n. This means that for any
o <a—1/nand d > 0 there exists § = 8(d) such that the inequality ||¢| <
implies [|(f2),(0, @)l < d for all 0 <t <o —1/n. Here || - || denotes a sup-
norm and f>(o, ¢) is the same as in Theorem 7.3.

Let us now represent Eq. (7.28) in operator form. That is

f(@) = L(t. fi(-)).
where L(t, ), t <0, ¢ € C([—y, 0]) is the following operator
L(1, 9) = —A(t)e(0) — B(1)p(—y).

Because if 1 < o — 1/n, then both A(¢) and B(t) are between 0 and 1, we
have that

IL(z, @)l < mlel, with m = 2. (7.29)

We apply Lemma 6.6.2. in Hale (1977) to (7.28) and use (7.29) to obtain the
claim in Df.
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For any fixed s < «, the function U(z, s) satisfies

£ = / L. f(-)) du+ Ule. 5) (7.30)

on [«, 0] with the initial condition f,(-) = U,(-, s). Note that if f < 0 then
(7.29) also holds with m = (2 + B)/e. Since (s,«) € D; it follows from
(7.29) and (7.30) that

UGt 5)] < f \L(u, Uy~ ) du| + | U, 5)|

t
smf 1 U 5)ldu+ K,
where K = sup, gcp, |U(7, 5)|. Therefore
t
WU 9l sm/ | U 9l du+ K. (7.31)

Applying Gronwall’s lemma to (7.31) we get
11U, 9= Ky

where K| = Ke™, te[w,0]. Hence, sup,<<o|lU(t 5)| < K;. Since the
constant K| does not depend on s it follows that U(t, s) is bounded in D;
as well. O

Remark. All results cited in the proof relate to the case when the
functional-differential equation is given on the whole real line, whereas we
consider it in the interval (—oo,a — 1/n]. However, setting in (7.27)
A(t) = A(a — 1/n), B(t) = B(e — 1/n), for t > a — 1/n we get an equation
that is defined on the whole real line coinciding with (7.27) in (—oo, & — 1/n].
Since all cited results hold true for the last equation it follows that they hold
for (7.27) in the interval (—oo, o — 1/n] as well.

We now return to the problem of the explicit form of the solution of the
system of functional-differential Eqs. (7.1)—(7.3).
We begin this section with the following lemma.

Lemma 7.5. Let us set X(o,t)=fs(o,1+Bla+e )t), 0 <—y,
where as in Theorem 7.3, fo(o, 1 + B/a+ e ~())(¢) denotes the solution of
Eq. (7.23) with an initial condition ¢(t) = 1 4+ B/a+ e ' given on [0 — y, ].
Then
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(i) X(o,t) > 1+b/a+e™", for t € [o,0 4+ ], (7.32)

(i) max [X(o,t)—1—betaja—e ']
telo,o+y]

= 0(e?), as o — —o00. (7.33)

Proof. If 7 € [0,0 + y] then X(o, t) is calculated from (7.25), where
U(t, s) is given by (7.19). We first set ¢(s) = 1 in (7.25) and evaluate the
integral to obtain

_ 1+ xe° b 1+ x1e° ¢
Ki(t) = o—t
(1) =e (1+xQef> l14+xpe!

o\ b o\ ¢
+i|:e_,+1+)»+,3_el,_,<l+xze ) <1+xle >
am

a 1+ xye! 1 +xe!

X (e“—i—l—i—k—i_ﬂ)]. (7.34)

a

We next set ¢(s) = e in (7.25) and evaluate the integral to obtain
{1+ x2e7\" (14 x1 7\
Ky(t)=e™!
2At) =e <1+X2€’) <1+x1e’
A 1 o\ b 1 o\ ¢
+— 11+ 1+'u+13 e~ — o0t +xe +Xx1e
am a 1+ xe! I+ ef
o)

In (7.34) and (7.35)

m=—(x; — x2)’hc = (1 +“a+ﬂ> (1 +’\:ﬁ> —1 (7.36)
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Note that X(o,7) — 1 — B/a—e " equals (1 + B/a)K(t) + K2(t) — 1 — B/a
—e ™!, so that the derivative of X(o,17) — 1 — B/a — e~ with respect to ¢ is

- [ (1+M>+ﬁ(l+ﬁ/a)—m}
a a

x 1+@f[1+(u+ﬁ)/a]—1<1+x2e“>”
I+xie) (1 +xe)\1+xe!

« <ﬂ> (1 + (. + B)/a) + 1]} e,
1+ xe!

It is easy to verify that (A/a)(1 + (u + B)/a) + (n/a)(1 + B/a) is less
than m. So, the first factor in this expression is negative. Simple calculations
show that the second factor is an increasing function of ¢. Thus, the second
factor reaches the minimum value me2°(1 + x;e) "' (1 + x2¢%)~' > 0 at the
point ¢ = 0. Therefore, the function X(o,7) — 1 — 8/a —e ™" increases on
[o,0+y] and X(o,0)—1—B/a—e 2 =0, so (7.32) holds. Further,
X(o,t) —1— B/a— e ' reaches its maximum at t = o +y. Wesett =o + y
in (7.34) and define a new function K, (u) so that K;(e®) = K (o + y). Then

Ki(u) = —m —R(u)+ S(u), (7.37)

where

N 14+ xou \’ 1+ xu\¢
Ry =u| 1= (22 ) (e 7.38
(w)=u |: (“M+Ax2u) ('uu+)»xlu : (7.38)

S(u)—ﬁ 14+ xu\’ 1+ xu\¢
A M/L+szu Mu—i—kxm
A
x [1 (1 +Lﬂ)] +ﬂ<1 +L’3) (7.39)
am a am

In a neighborhood of u =0

b ¢
<M l—I—XzH) (M 1+x1u> 14 M<l+ +13>u+0(u2)’ (7.40)

n =4 Axou n+ Axju



Optimal Policies for Investment 307
and hence

Py

R(u) = _£ (1 +> + O(u), as u — 0. (7.41)
I a

Taking in (7.39) only the first term of the Taylor series of the function in the
left-hand side of (7.40) we get

S(u):ﬁ[l _i<1 +’\+ﬂ>]
A am a

+ B <1 + ﬂ) +OW),  asu— 0. (7.42)
am a

It follows from (7.37), (7.41), and (7.42) that
Ki(u) = pu/x + Ou), as u — 0. (7.43)
Similarly, if we set u = ¢ and evaluate K,(t) — e~ at t = o + y we obtain

e
apm’

K>(u) —%u“ = R(u)[ﬁ <u+ 1 +u7+ﬂ> - 1] +

where K> (u) is defined by K>(e?) = K»(o + y). From (7.41) we get

B

K> (u) — %u” = 2 (1 + a) + O(u), as u — 0. (7.44)

Because X(o,1)—1—B/a—e ' =Ky(t)—e ' +(1+ B/a)[Ki(t) — 1] the
second claim of the lemma follows from (7.43) and (7.44). O

Theorem 7.6. Equation (7.5) has a non-trivial solution on the negative
half-line.

Proof. Consider the following functions defined on (—o0, 0] :

l+B8/a+e™ t<-—ny
M(t) =
X(=ny, t) t € [—ny, 0]

We shall prove that the sequence {n,},~, converges uniformly to some
function n(¢) that satisfies (7.5) on the whole negative half-line.
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Consider the series
m() + Z (701 (1) — ma(0)]- (7.45)
n=1

From (7.25) we obtain

N1 (1) — na(2)

0 t<—(n+1y
Xt)—1-B/la—e™! t€[—(m+ 1)y, —ny]
= { [X(=ny) =1 = B/a—e"™]U(1, —ny)
[ IX) — 1= Bla—e ]
x[e — 2asinh(s + )] U(t, s + y)ds  t € [-ny, 0],
where, for the sake of brevity, we have omitted the first argument of
X(—(n+ D)y, t). Therefore, it follows from Theorem 7.4, Lemma 7.5, and

convergence of the integral f_ooo(s — 2asinh s)~! ds that for all n sufficiently
large

Mn1(t) = na(2)] < Ke™,

where K is a constant. Thus, series (7.45) converges uniformly to n(z). It
remains to prove that n(¢) satisfies (7.5) on (—o0, 0].

Let ¢t € [-y,0]. For every n > 1, the function ,(¢) satisfies (7.5) on
[—v, 0], so it follows that

0, = —A(t)n.(t) — Bt na(t — y), forn=1,2,..., (7.46)

where A(t) and B(t) are the coefficients defined after (7.28). From (7.46) we
deduce that

04 D [ (1) = 1,(0)]
n=1
= —A(r){ Mm@+ Y [t (1) = nn(z)]}
n=1

- B(I){m(t— V4> i = ) = malt — y)]}

n=1

= —A()n(t) — B(t)n(t — y).
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Therefore, differentiating series (7.45) we obtain that in this case n(t)
satisfies Eq. (7.5).
If t € [-(k 4+ 1)y, —ky], for k > 1, then we represent n(z) in the form

) =it () + Y g1 (1) = mal0)]

n=k+1
and repeat the same argument for (7.46) withn =k +1,k+2,.... O

Now, we are able to characterize the set of all solutions of (7.2) on the
negative half-line.

Theorem 7.7. The function

1+B/at+e™

PO =50 10

+ Cn(t), (7.47)

where C, a generic constant, is a general solution of Eq. (7.2) on (—o0, 0].

Proof. According to Theorems 7.2 and 7.6 f»(¢) is a solution of Eq.
(7.2) for all C. It remains to prove that every solution of this equation can be
represented in the form (7.47) with some constant C. Let f(z) be such a
solution. Then, from Theorem 7.1, f(t)=Ci(1+B/a+e ")+o(l) as
t — —oo with some constant C;. In addition, from the proof of Theorem 7.6
n(t)y=1+B/a+e " +0o(l) as t - —oo. Therefore, if we set C equal to
Ci+ B'2+ B/a)~" in (7.47), then we obtain a solution f>(¢) that has the
same asymptotic behavior as f(¢) for t - —oo. Thus, for every § > 0 there
exists a o < 0 such that

sup | /(1) = fa(0)] < 6. (7.48)

If ¢ € [o,0] then, from Hale (1977, Thm 6.3.2), f(¢) has the following
representation

f@&)=f(o)U(t,o0) — 1 /a fU(t, s + y)le — 2asinh(s + V1 ds
oy

t
+ / U(t, s)(e — 2asinh s)~! ds,
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and that the representation for f>(¢) is obtained by replacing f(¢) with f>(¢).
Hence,

S(1) = fo(t) =[f(0) = f2(0)]U(2, 0)

- u/ [/(s) = fa(IU(, s + y)le — 2asinh(s + y)] " ds.
o-y
From (7.48) and the boundedness of U(t, s) we get
Ir%auo(] | f(t)— f>2(t)] < K8, K = const. (7.49)
telo,

where K is a constant. Because § > 0 is arbitrary in (7.48) and (7.49) it
follows that f(¢) = f5(¢). O

From the last theorem we are in a position to prove our main result
about the solution of system (7.1)—(7.3).

Theorem 7.8. The system (7.1)—(7.3) has a unique solution, provided
that w/a is small enough.

Proof. According to Theorem 7.7 the general solution of (7.2) on
(—o0, 0] is given by (7.47). To satisfy (7.1) and (7.3) one must multiply (7.47)
by e’ on [—y,0] and solve (7.1) with an initial condition e’f3(¢), for
t € [y, 0]. We shall show that taking a suitable constant C in (7.47) we can
escape the singularity that (7.1) has at = In x;. Then, because the coefficients
of (7.1) are unbounded only in a neighborhood of # = In x, the existence and
uniqueness of the solution of (7.1) follow from Hale (1977, Thm 6.1.1).

We set k = In x| and take an arbitrary § € (0, min(k, y/2)). From (7.18)
the solution of (7.1) has the following representation in [k — 8, k + §]:

SJi(0) =V(t, k = 6) fi(k - 6)

-
—A / fi()[e — 2asinh(s + y)] "' V(t, s + y) ds
k

—5—y

!
+ | (e —2asinhs)"'V(z, s)ds
k—3§

=(1+x2e)"(L+xe)¢

X {(1 +x ety +xlek_5)ffl(k—5)+//r 5[1 —Mi(s = )]

x (¢ — 2asinh $) " (1 + x2¢)°(1 4 x1 €°)° ds}. (7.50)
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Because 1 + x»eX =0 and b > 0, the function fi(¢) is bounded in a neigh-
borhood of ¢ = k only if

0=(1+x"°1 + xSk — 8)
+ /f [1—Afi(s — )(e — 2asinhs) ™ (1 + x2¢)°(1 + x1 €% ds.  (7.51)
k-8

From I’Hopital’s rule one can verify that (7.51) is sufficient for boundedness
of fi(-). From Theorem 7.7 if ¢t € [k — § — y, k — 8], then

A =V + P00+ P, (7.52)

for some constant C, where /' a )(t) is a solution of (7.1) with initial condition
f(l)(O) =0, f(z)(t) is a solution of (7.22) with initial condition on [—y, 0]
equal to —(1+e'(14+ (B/a))/(B2 + (Ba))), and fl)(t) is a solution of
(7.22) with initial condition on [—y, 0] equal to e ‘n(¢). Note that if t < k — 4,
then the coefficients of (7.1) and (7.22) are bounded and, therefore, all
functions in (7.52) are well defined.

Substituting f1(¢) from (7.52) into (7.51) we obtain a linear algebraic
equation, AC + B =0, for the constant C that always has a solution C = C
if A 0. 1If C+#0, then setting C = C in (7.52) ensures that the condition
(7.51) holds. Therefore we obtain a bounded solution of (7.1) in
[k — 68, k + 8] given by (7.50). Because the coefficients of (7.1) are bounded
continuous functions for ¢ > k4§, it follows that the solution can be
extended to the entire positive half-line.

To complete the proof, it is sufficient to show that

A =1+ x2e5(1 + x1 52 f Pk — )
!
A/A 5f<13>(s — )& — 2asinh s) "' (1 + x2¢%)’(1 + x1 ) ds

£0. (7.53)

To show this, we assume the contrary. Then, repeating the above argument
that was used for fi(¢) and (7.1), we see that

SR = +x2e) (14 x1e)

x [(1 + 22K (14 x1 5 f Dk — 8)

!
—A/ f(13)(s — )& — 2asinh ) '(1 + x2¢*)’(1 + x1 €%)° ds:|,
k=5
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remains bounded in [k — 8, k + 8]. Therefore, f'(]3)(~) can be extended on
[k + 8, 00) to satisfy (7.22). From Theorem 7.3(i) and Theorem 7.6 we
conclude that

n(t), 1 <0,

0={lo0,

is a non-trivial global solution of (7.5). Then, it follows from Theorem 7.2
that F(¢) = f2(¢t) + ¢(¢t)/(B(2 + B/a)), f>(t) being given by (7.17), is a global
solution of (7.2). Moreover, (7.6) implies that F(¢) = o(1), as t - —oo. Recall
that the function &(z ) from Theorem 3.3 has the same asymptotic as 1 — —o0.
Utilizing the same arguments as in the proof of Theorem 7.7 we conclude that
F(t) =&(t), for t < Inx;. Now, inequality (3.31) and the explicit formulae
(3.21) and (3.22) for d(¢) and D(t) imply that F(¢) has a singularity at point
t = In x;. Thus, it cannot be a global solution of (7.2). O
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